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Abstract 

Let us consider two compact connected and locally connected HausdorfF spaces M, N and two 
continuous functions (y3 : A/ — > M, -0 : iV — > M . In this paper we introduce new pseudodistances 
between pairs (M, if) and (iV, ■0) associated with reparametrization invariant seminorms. We study 
the pseudodistancc associated with the seminorm ||iy9|| = max(^ — mhup^ denoted by 5a, and we 
find a sharp lower bound for it. We finish with an example where the use of this lower bound is 
illustrated. 

1 Introduction 

Topological Persistence is attracting increasing attention from the mathematical community (cf. 
[BFlFa] ■ |EHj and [G]). It studies the properties of a scalar function 93 (defined on a topological 
space X) which are invariant with respect to perturbations. These functions are central in many ap- 
plications such as shape matching. In other words, Topological Persistence measures the "persistence 
"of topological structures (e.g. connected components) within the sublevel sets, {x G X : (p{x) < c}, 
of a scalar field. 

A key tool in topological persistence is the concept of natural pseudodistancc (cf. |DFr2j and |DFr3j ) . 
It is based on a quantitative comparison between suitable topological spaces, endowed with real- valued 
functions. We work with pairs (M, ip) and {N, tp) where M and N are compact connected and locally 
connected Hausdorff spaces which represent the shapes to be compared and 99 : M ^ M, -0 : A — > M 
are continuous functions which focus the shape properties we are interested in. So, our aim is "to 
measure"the difference between the pairs (M, 93), (N,^). The concept of natural pseudodistancc is 
based on the search for a homeomorphism h : M ^ N minimizing the change from the function 99 to 
the function ip, that is 

6((M,ip),(N,^)) = inf max|(¥?- Vo/i)| 

heH{M,N) M 

where Ti{M, N) denotes the set of all homeomorphisms between the topological spaces M and A. 

In case where the topological spaces are manifolds, the study of this concept has pointed out some 
interesting properties and shown that these properties could depend on the dimension of the manifolds 
we are considering (cf. |DFr3j ). This approach is also interesting for application purposes (cf. [BFlFaj ) 
and is strictly related to Persistent Homology, another field of research that concerns the comparison 
of manifolds endowed with real- valued functions (cf. [EH]). 

Another fundamental tool in Topological Persistence is the size function associated to a pair (M, if). 
Size functions not only give us a lower bound for the natural pseudodistancc, but they are also useful 
m many appHcations for Pattern Recognition (cf. [FeLoPj . fUVT] . [UV2] and |FeFrUV| ). 
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While the definition of natural pseudodistance is based on the L^o norm, in |FrLa2j it has been 
recently pointed out that this norm can be replaced by many other (semi)norms, so producing 
different pseudodistances 



The only requirement is that these seminorms, Sm^ must be reparametrization invariant, i.e. invariant 
under composition with homeomorphisms of the considered topological spaces. The new pseudodis- 
tances we obtain when we change the seminorm will be called "exotic pseudodistances" to differ from 
the pseudodistance in the "natural" case. This change of the seminorm is useful in certain cases where 
the natural pseudodistance does not take into account some details. For example, let us consider 
M = [0, vr] and Sm{'^) = max ip — min 99. While the value taken by the exotic pseudodistance between 
the pairs (M, sin2t) and (M, 0) is 2 and the one between (M, sint) and (M, 0) is 1, the natural pseu- 
dodistance between the same pairs is 1, in both cases. Following the approach exposed in |FrLa2j . 
after the Loo norm, the simplest example of reparametrization invariant seminorm is the seminorm 
ll^ll = max^ — min^. The contribution of this paper is to give a formal introduction of the pseu- 
dodistances associated with reparametrization invariant seminorms and to begin the study of the 
pseudodistance 6\ associated with the seminorm ||,^|| = max^ — min^. Our main result is a sharp 
lower bound for (5a , obtained by using a previous lower bound for the natural pseudodistance. 

The structure of this paper is as follows. In Section 2 we recall the theoretical background, while 
in Section 3 the definition of exotic pseudodistance is introduced. In Section 4 our lower bound for 5\ 
is proved. We finish with an example (Section 5) where all these notions are illustrated. 

2 Theoretical Background 

In this section we will review the basic notions we shall require for the sections to follow. For more 
details about them we refer to [DFr2] . [DFr3j and [Frj . 

We consider pairs of the form (M, (p) where M is a non-empty compact connected and locally 
connected Hausdorff space and (p : M — > M is a continuous function called a measuring function. 
The collection of these pairs will be denoted by Size and each element (M, if) of Size will be called 
a size pair. 

Let C(M, M) be the set of real valued continuous functions on M and 'H{M,N) be the (possibly 
empty) set of all homeomorphisms between the topological spaces M and A^. We denote by M"*" the 
set of real numbers greater than or equal to zero. 

All the following definitions can easily be extended to cases where the topological spaces underlying 
the size pairs are not connected. 

2.1 Natural pseudodistance and Size Functions 

For every compact topological space M we consider the functional Qm : C(M, R) — > defined by 



'-'exo 

((Af,(^),(iV,^)) 




SmI^ -ijjoh). 

',N) 




&m{^ - V' o /) = max \ip{p) -Tpo f{p)\ 



measures how much / G TL{M, N) changes the values taken by the measuring function. 
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Definition 2.2. We define the natural pseudodistance between {M,ip) and (A^, V') as 

inf eA/((/5-^o/) if ?^(M, iV) / 0, 

f&H{M,N) 

oo otherwise. 

We can verify immediately that (5 is a pseudodistance in each equivalence class of Size/K, where 
we say that two size pairs are equivalent with respect to the relation ~ if and only if the underlying 
topological spaces are homeomorphic. Note that 5 is not a distance, since two different size pairs can 
have vanishing distance. Furthermore, 5 is an extended pseudodistance in Size, where the adjective 
extended means that 5 can take the value oo. 



5{iM,ip),iN,i;)) 



Before giving the notion of size function, we fix some notation. The symbol A denotes the diagonal 
of M^, that is 

A = {{x,y) G : x = y} 
and A+ denotes the open half-plane above A, that is 

A+ = {{x,y) G : x <y}. 

Definition 2.3. For each size pair (M, ip) and y G M, we say that two points p,q £ M are 
{(f ^ y)- connected if and only if they belong to the same connected component of the lower level 
set {p £ M : {p{p) ^ y}. Then we define ^(M,ip){xjy) for {x,y) G A"*" as the number of equivalence 
classes into which the lower level set {p G M : (^(p) ^ x} is divided by the equivalence relation of 
((/? ^ y)-connectedness. We call 

^(M,^) : A+ ^ N 
the size function associated with the size pair {M,{p). 



2.2 Matching Distance for Size Functions 

In order to define the matching distance, we begin by describing how each size function can be 
represented as a set of points and lines in the real plane, with multiplicities. We start with the 
definition of particular points of M x (M U {cjo}), the cornerpoints associated with a size function (cf. 
[FrLalQ . 

Let (M, If) be a size pair. 

Definition 2.4. For every point (x, y) G A"*" and e G M with e > and x + e < y — e we define the 
number fis{x,y) as 

^{M,,p) {x + e,y - e) - ^(m,^) {x - e,y - e) - i(M,^) ix + e,y + e) + i(M,ip) {x-e,y + e). 
The finite number 

fj,{x, y) = min{^£(x, y) | e G M, e > and x + e < y — e} 

will be called the multiplicity of (x, y) for i(M,ip)- We call cornerpoint for ^{M,ip) point (x, y) G A+ 
such that the number /i(x, y) is strictly positive. 
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Definition 2.5. For every vertical line r, with equation x = k, and e G M with e > and k + e < — 

e 

we define the number //e(r) as 
The finite number 

fj.{r) = min |/i£(r) | e G M, e > and k + e <- 

will be called the multiplicity of r for i(^M,ip)- When this multiplicity is strictly positive we call r a 
cornerpoint at infinity for the size function, and we identify r with the pair (k, oo). 

We denote by A* the open half-plane A"*" extended by the points at infinity of the kind {k,oo), 
with < +00, and by A* the closed half-plane A+ extended by the same points at infinity. 

Cornerpoints and their multiplicities are fundamental tools in Size Theory, since size functions 
are completely determined by their cornerpoints and multiplicities. Indeed, we have the following 
representation theorem (cf. [FrLalj ). 

Theorem 2.6. For every {x',y') € A"^ we have 



kM,ip){x' ,y') = ^ fi{{x,y)). 



x<x',y'<y 



We recall some definitions. 



Definition 2.7. Let ^ be a size function. We call representative sequence for i any sequence of points 
(o„)„gN in A* with the following properties: 

i) ao is the cornerpoint at infinity for i; 

ii) for each n > 0, either a.„ is a proper cornerpoint for i, or a„ belongs to A; 

iii) if {x,y) is a proper cornerpoint for i with multiplicity ^{x,y), then the cardinality of the set 
{n G N : a„ = {x,y)} is equal to fi{x,y); 

iv) the set of indexes for which a„ belongs to A is countably infinite. 

Now, we define a pseudometric in A* that will give rise to a distance between size functions. 
Definition 2.8. We define the function d : A* x A* — > IR+ by 



d{{x, y), (x', y')) = min < max{|a; — x'\, \y — y'\}, max 



y — x y' — x' 



00 

where conventions regarding 00 are: 00 — y = y — 00 = 00 for y 7^ 00, 00 — 00 = 0, — = 00, |oo| = 00, 
min{oo, c} = c, maxjoo, c} = 00. 

The function d is a pseudodistance on A*, it measures the smaller between the cost of moving 
(x, y) to {x',y'), and the cost of moving {x,y) and {x',y') onto the diagonal. The costs are computed 
by using the distance induced by the max-norm. 
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Definition 2.9. Let (a„) and be two representative sequences for two size functions £i and £2, 
respectively. Tlie matching distance between ii and I2 is the number 

dmatch ihj2)-= inf sup d{an, h^{n) ) , 
n 

where n varies in N and a varies among all the bijections from N to N. 

Remark 2.10. It is easy to see that this definition is independent from the choice of the representative 
sequences of points for the size functions £1 and £2 • The inf and the sup in the definition of matching 
distance are actually attained, that is 

dniatch{hj2) ■= minmax(i(a„,6^(„)). 

an ^ ' 

Now we recall an important result concerning a lower bound for the natural pseudodistance using 
the matching distance (cf. [dAFrLa] ) . 

Theorem 2.11. Let {M,(p) and {N,ip) be two size pairs. Then 

dmatch{^{M,v/{N,^)) < ^ {{M , If) , {N , i^)) . 

3 Exotic Pseudodistance 

In this section we introduce a new family of pseudodistances associated with other seminorms. The 
fundamental property of the seminorms that we take into account is an invariance property for homeo- 
morphisms. We will see that in certain cases where the natural pseudosistance does not distinguish two 
size pairs, these new pseudodistances allow us to compare them in a sharper way, so better quantifying 
their differences (see example in Section [5]). 

Let us assume that for every compact topological space M a functional Sm ■ C{M, M) — > M"*" is 
given verifying the following properties: 

i) SAiif) > for ah G C(M,M). 

ii) SifiXip) = \X\ ■ SAf{ip) for ah A G M and 99 G C{M,R). 

iii) 5a/(v3i + 992) < <Sm{v>i) +Sm{^2) for ah 931,992 G C(M,M). 

So this functional, Sm-, is a seminorm in C(M, M). Suppose this seminorm verifies the following 
invariance property for homeomorphisms: 

iv) if is a topological space, then Sm{'^) = Sn{^ o h~^) for all 93 G C(A/, M) and h G 7i{M, N). 
Proposition 3.1. The setting 



inf Sm{^ -ijoh) if n{M, N) ^ ill, 

h€H{M,N) 



00 otherwise, 
defines an extended pseudodistance in Size and a pseudodistance in each equivalence class of Size/ ^ 
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Proof. Obviously <5exo((M, if), (M, if)) = 0. 

Since Sm{^ - o /i) ^ for all /i G H(M, N), then 5exo((M, ip), {N, tp)) ^ 0. 
The symmetry can be deduced, using ii) and iv), from the equalities 

Shiif — ip o h) = Sn{^ ° — if)) = S^iip — '■p ° h~^) 

which hold for aU h G H(M, A^). 
Finally, the triangle inequality 

follows from the property ill) and iv) of Sm- Indeed, for all h G 7i{M, N) and g G 'H{N, T), we have 
that: 

<Sm{^ — S, ° g ° h) = Sm{lp — Tpoh + ipoh — ^ogoh) 

< Sm{^ — Ip o h) + Sm{iP oh — ^ogoh) 

= Sm{^ -ipoh) + Sn{iP - S,°g)- 

To conclude, we note that 

inf SM{^-^ogoh)= inf 5m(v' - C ° = '^exo((M, y?), (T, ^)) 

heH[M,N) leH{M,T) 
geH{N,T) 



inf {Sm{v -^oh)+SN{^-iog)) = 5exo((M, (iV, ^)) + 5eU{N, 4^), (T, e)). 

heH{M,N) 
g£H(N,T) 



□ 



Definition 3.2. We shall call exotic pseudodistance associated with the family of seminorms {<Sj\/} 
the function 

Sexo '■ Size X Size — > M U {oo} 

so defined 

f inf Sm{^ -ipoh) if H(M, N) / 0, 
I oo otherwise. 

r o \ 

More precisely, we should denote Sexo by 5lxo as this pseudodistance depends on the family of 
seminors in question, whereby {Sm} is omitted for the sake of simplicity. 

In the remainder of this paper, if the functional Sm ■ C{M, M) — > M is defined by Sm ( v) = max ip— 
mimp, we shall denote by (5a the exotic pseudodistance associated with this family of seminorms. 

Remark 3.3. To compare two size pairs {M , p) , {N , ip) we can choose different reparametrization in- 
variant (semi)norms depending on the sets M and A'^ and the properties we want to emphasize. A 
first approach has been studied in the one dimensional case in |FrLa2j . 
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4 Lower bound for the exotic pseudodistance Sa 



The computation of 6a involves all the homeomorphisms between two topological spaces, so it is 
difficult to compute. Hence we need to find a way to obtain information on the exotic pseudodistance 
in order to compare two topological spaces. In the natural case, that is, when 5((M, (A^, ^)) = 
iiif/igW(M,W) mciXpgA/ — ijj o h{p)\, we use size functions to obtain information on the natural 
pseudodistance, see e.g. jPFrlj . In the exotic case we introduce the following construction. 

Let {M, if) and {N, ijj) be two size pairs. Consider the product spaces M x M and N x N, and 
the measuring functions <I> : M x M — > R and ^' : x — > M defined by ^{p, q) = (p{p) — (p{q) 
and ^'(p, g) = ipip) — ip{q), respectively. Let ^(mxA/,*) '■ — * N and ^(atxTV,*) '■ — ^ N be the 
associated size functions. 

The matching distance associated with a size function provides an easily computable lower bound 
for the natural pseudodistance (see Section 12. 2p . In the following we introduce our main result, 
providing a sharp lower bound for the exotic pseudodistance between two size pairs (M, ip) and {N, ip) 
in terms of the matching distance of the product spaces (M x M, and (A^ x A^, ^). To do so, we 
need the next lemma. 

Lemma 4.1. Let {M,ip) and (A^, V') be two size pairs and (M x M, and {N x N,"^) be the size 
pairs of the product spaces. We have the following inequality 

5{{M X M, $), {N X N, ^)) < 6a{{M, if), {N, ^)). 

Proof. Set d\ = 5\[{M, ip), {N, ip)). The thesis we want to prove is that 



inf max \^(p,q) — o H(p,q)\] < d^- (1) 

He'H{MxAI,NxN) \(p,q)GMxM ) 

By definition of d^^ for every real number e > there is some h € 7i{M, N) such that 
dx < max((/?(p) - il^ihip))) - mm(ip{p) - ipihip))) < c^a + e. 

In order to prove our thesis we bound \^{p,q) — ^' o H{p,q)\ in the following way. Consider the 
homeomorphism H € H(M x M,N x N) given hyH= (h,h). Then, for ah {p,q) e M x M 

\<!>{p,q)-^oH{p,q)\ = \^{p, q) - o (h,h)){p, q)\ 

= \^{p)-ip{q)-{ip(h{p))-mm 

= mp)-^{h{p))-{^{q)-^{h{q)))\ 

- ™a?S(v'(p') - i^W))) - mmiif^p') - tp(h{p'))) 

<dA + e 

Therefore, for all e > 



so that 



max \^{p,q) — o H{p,q)\ < dA + e 

{p,q)eM xM 



inf max \^(p, q) — o H(p, q)\ < d\ + e 

H&H{MxM,NxN) (p,q)&MxM 



for all e > 0, and (1) is proved. 

□ 
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Remark 4.2. If we consider the following subset of 7^(M x M, N x N) 

K, = {{h, h) : M X M — > N x N for all h € H(M, A^)} 
the proof of Lemma 14.11 shows that 

<5A((M,v?),(iV,^)) = inf max \<i>{p,q) - ^ o H{p,q)\. 

HeK {p,q)eMxM 

Note that this equality immediately follows from the definition 

(5a((M, 99), (A^, -0)) = inf (max(ip — ipoh)—mm(ip — ipoh)) 

hGH{M,N) M M 

and the identity 

inf max \(p{p) — tp{h(j))) — ((p(q) — ^jj{h{q)))\ = inf max \^(j),q) — ^ o H{p,q)\. 

h£'H{M,N) MxM {H)eK.MxM 

From Lemma 14.11 we can deduce a lower bound for the exotic pseudodistance in terms of the size 
functions of the size pairs of the product spaces. 

Theorem 4.3. Let {M,ip) and (A^, ^) be two size pairs such that H{M,N) / 0. Then 

dmatchi^{MxM,'i>)J{NxN,^)) < ^ a{{M , Lf) , {N , Ip)) . 

Proof. By applying Theorem 12.111 to the size pairs (M x M, ^) and {N x N, ^) we obtain 

dmatch i^{MxM,<S>),(^{NxN,^)) < S{{M X M,^),{N X iV, ^)). 

Lemma l4. 1 1 concludes our proof. 

□ 



5 An example 

Now we can show that the lower bound given in Theorem 14.31 for 5\ helps us to calculate this exotic 
pseudodistance. Moreover, it allows us to prove that this lower bound is sharp. 



A 






\ 

1 




(0,1) 


2 




X 





A 






1 y 

(0,2) 


[ ' / 


2 / 
^ > 





1 / 





x= -2 



Figure 1: Size function of (/, sint) 



Figure 2: Size function of (7,2 sin 2i) 
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sin(x)-sin(y) 
0.5 




Figure 3: {(t, s, sint — sin s) : s,t ^ 1} 

2*sin(2*x)-2*sin(2*y) 



2 

-2 




Figure 4: {{t, s, 2 sin 2t - 2 sin 2s) : s, t G /} 
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Let (/, if) and (/, tp) be two size pairs where / = [0, vr], and ip : I — > M and ip : / — > M are defined 
as <p{t) = sint and = 2sin2t, respectively. 

Let us calculate first the natural pseudodistance between the size pairs (/, sint) and (/,2sin2t). 
In this case we have dmatch{^{i,tp), (^{1,^1))) = 2 (see Figures 1 and 2) and Theorem 12.111 provides us with 
a lower bound for the natural pseudodistance 

2 < 6{{I,smt),{I,2sm2t)). 

For every e > 0, we can easily find an homeomorphism g : / — > I such that maxfg/ | sin t—2 sin 2g(t) \ < 
2 + e. So the natural pseudodistance between (/,sint) and (/,2sin2t) is 2. 

In the product space I x / we construct two measuring functions as follows: 

<I> : / X / ^ R defined as <I>(t, s) = sint — sins 

and 

^ : I X I defined as ^'(t, s) = 2 sin 2t - 2 sin 2s. 

Now we consider the size pairs (/ x /, <I>) and (/ x /, and compute the matching distance between 
the associated size functions. First, we calculate the size functions i[ixi,^) Sind ^(/x/,"!-) with the help 
of Figure 3 and Figure 4. 



A V A 




x= -1 x= -4 



Figure 5: Size function of (I x /, Figure 6: Size function of (/ x I, vli) 

Set dm — dmatch (^(/x7,*)) ^(/x/,*))- Figures 5 and 6 show that dm = 3. Applying Theorem [4^ we 
have that dm is a lower bound for the exotic pseudodistance, 5\, between (/, sin t) and (/, 2 sin 2t), i.e. 

3<5a((/,^),(/,V')). 

We can easily see that for every e > a homeomorphism g : I — > I exists, such that g takes the 
interval [0, vr — e) to the interval [0, ^) and the interval [vr — £, vr] to the interval vr]. 
This homeomorphism verifies the inequality 

maxfsint — 2sm.2git)) — minfsint — 2sm.2g(t)) =3 + 7? 

with T] a positive real number depending on e, such that lim£_>o f] = 
Hence 5a((/, sin t), (/, 2 sin 2t)) < 3. 

Therefore by this last inequality and the one given by Theorem 14.31 we have 

(5A((/,sint),(/,2sin2t)) = 3. 
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This proves that the lower bound for 5\ given by Theorem 14.31 is sharp. 

Acknowledgements. I am very grateful to Patrizio Frosini for his essential help, useful suggestions 
and comments on the elaboration of this paper. Thanks also to Claudia Landi for the stimulating 
discussions. 
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Abstract 



Let us consider two compact connected and locally connected HausdorfF spaces M , N and two 
continuous functions (y3 : il/ — > M, -0 : iV — > M . In this paper we introduce new pseudodistances 
between pairs {M, ip) and (A'^, ip) associated with reparametrization invariant seminorms. We study 
the pseudodistance associated with the seminorm \\ip\\ = max ip — mint^, denoted by (5a, and we 
find a sharp lower bound for it. We finish with an example where the use of this lower bound is 
illustrated. 

1 Introduction 

Topological Persistence is attracting increasing attention from the mathematical community (cf. 
[BFlFa], [EH] and [G]). It studies the properties of a scalar function ip (defined on a topological 
space X) which are invariant with respect to perturbations. These functions are central in many ap- 
plications such as shape matching. In other words, Topological Persistence measures the "persistence 
"of topological structures (e.g. connected components) within the sublevel sets, {x G X : (p{x) < c}, 
of a scalar field. 

A key tool in topological persistence is the concept of natural pseudodistance (cf. [DFr2] and [DFr3]). 
It is based on a quantitative comparison between suitable topological spaces, endowed with real- valued 
functions. We work with pairs (M, (/?) and (N, ip) where M and N are compact connected and locally 
connected Hausdorff spaces which represent the shapes to be compared and : M ^ M, -0 : A — > M 
are continuous functions which focus the shape properties we are interested in. So, our aim is "to 
measure"the difference between the pairs (M, 93), {N,ip). The concept of natural pseudodistance is 
based on the search for a homeomorphism h : M ^ N minimizing the change from the function if to 
the function 0, that is 



where Ti{M, N) denotes the set of all homeomorphisms between the topological spaces M and A. 

In case where the topological spaces are manifolds, the study of this concept has pointed out some 
interesting properties and shown that these properties could depend on the dimension of the manifolds 
we are considering (cf. [DFr3]). This approach is also interesting for application purposes (cf. [BFlFa]) 
and is strictly related to Persistent Homology, another field of research that concerns the comparison 
of manifolds endowed with real- valued functions (cf. [EH] ) . 

Another fundamental tool in Topological Persistence is the size function associated to a pair (M, (p). 
Size functions not only give us a lower bound for the natural pseudodistance, but they are also useful 
in many applications for Pattern Recognition (cf. [FeLoP], [UVl], [UV2] and [FeFrUV]). 



5{{M,^),iN,iP)) 




max \(lp — ih o h)\ 
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While the definition of natural pseudodistance is based on the L^o norm, in [FrLa2] it has been 
recently pointed out that this norm can be replaced by many other (semi)norms, so producing 
different pseudodistances 



The only requirement is that these seminorms, Sm-, must be reparametrization invariant, i.e. invariant 
under composition with homeomorphisms of the considered topological spaces. The new pseudodis- 
tances we obtain when we change the seminorm will be called "exotic pseudodistances" to differ from 
the pseudodistance in the "natural" case. This change of the seminorm is useful in certain cases where 
the natural pseudodistance does not take into account some details. For example, let us consider 
M = [0, vr] and Sm{'^) = max ip — min While the value taken by the exotic pseudodistance between 
the pairs (M, sin2t) and (M, 0) is 2 and the one between (M, sint) and (M, 0) is 1, the natural pseu- 
dodistance between the same pairs is 1, in both cases. Following the approach exposed in [FrLa2], 
after the Lqo norm, the simplest example of reparametrization invariant seminorm is the seminorm 
ll^ll = max^ — min^. The contribution of this paper is to give a formal introduction of the pseu- 
dodistances associated with reparametrization invariant seminorms and to begin the study of the 
pseudodistance 6\ associated with the seminorm ||^|| = max^ — min^. Our main result is a sharp 
lower bound for obtained by using a previous lower bound for the natural pseudodistance. 

The structure of this paper is as follows. In Section 2 we recall the theoretical background, while 
in Section 3 the definition of exotic pseudodistance is introduced. In Section 4 our lower bound for 5x 
is proved. We finish with an example (Section 5) where all these notions are illustrated. 

2 Theoretical Background 

In this section we will review the basic notions we shall require for the sections to follow. For more 
details about them we refer to [DFr2], [DFr3] and [Fr]. 

We consider pairs of the form (M, (p) where M is a non-empty compact connected and locally 
connected Hausdorff space and ip : M — > M is a continuous function called a measuring function. 
The collection of these pairs will be denoted by Size and each element (M, ip) of Size will be called 
a size pair. 

Let C(M, M) be the set of real valued continuous functions on M and 'H{M,N) be the (possibly 
empty) set of all homeomorphisms between the topological spaces M and A^. We denote by M"*" the 
set of real numbers greater than or equal to zero. 

All the following definitions can easily be extended to cases where the topological spaces underlying 
the size pairs are not connected. 

2.1 Natural pseudodistance and Size Functions 

For every compact topological space M we consider the functional Qm : C(M, R) — > M"*" defined by 



5exo((M,V9),(iV,^)) 




Sm{^ -i/joh). 

",7V) 




Gm(v3 - ^ o /) = max \ip{p) - ^ o f{p)\ 



measures how much / G TL{M, N) changes the values taken by the measuring function. 
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Definition 2.2. We define the natural pseudodistance between {M,ip) and (A^, V') as 



, inf QMi^-i^of) if7^(M,iV) /0, 
5((M,(/p),(iV,V)) = { 

CX3 otherwise. 

We can verify immediately that 5 is a pseudodistance in each equivalence class of Size/^ where 
we say that two size pairs are equivalent with respect to the relation ~ if and only if the underlying 
topological spaces are homeomorphic. Note that 5 is not a distance, since two different size pairs can 
have vanishing distance. Furthermore, 5 is an extended pseudodistance in Size, where the adjective 
extended means that 5 can take the value oo. 



Before giving the notion of size function, we fix some notation. The symbol A denotes the diagonal 
of M^, that is 

A = {{x,y) € : x = y) 
and A"^ denotes the open half-plane above A, that is 

A+ = {(x,y) G : x<y]. 

Definition 2.3. For each size pair (Af , ip) and y G M, we say that two points p,q £ M are 
{(f ^ y)- connected if and only if they belong to the same connected component of the lower level 
set {p € M : ip{p) ^ y}. Then we define ^{M,ip){x,y) for G A"*" as the number of equivalence 

classes into which the lower level set {p € M : (/^(p) ^ x} is divided by the equivalence relation of 
((/? ^ y)-connectedness. We call 

^(M,^) : A+ ^ N 
the size function associated with the size pair (M, (p) . 



2.2 Matching Distance for Size Functions 

In order to define the matching distance, we begin by describing how each size function can be 
represented as a set of points and lines in the real plane, with multiplicities. We start with the 
definition of particular points of M x (M U {cjo}), the cornerpoints associated with a size function (cf. 
[FYLal]). 

Let (M, ip) be a size pair. 

Definition 2.4. For every point (x, y) S A+ and e G R with e > and x-|-e<y — ewe define the 
number iis{x,y) as 

^{M,v) {x + e,y - e) - ^(m,^) {x - e,y - e) - i(M,^) ix + e,y + e) + i(M,ip) {x-e,y + e). 
The finite number 

fi{x, y) = min{^e(x, y) | e G M, e > and x + e < y — e} 

will be called the multiplicity of (x, y) for i(M,ip)- We call cornerpoint for ^{M,ip) point (x, y) G A"*" 
such that the number /i(x, y) is strictly positive. 
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Definition 2.5. For every vertical line r, with equation x = k, and e G M with e > and k + e < — 

£ 

we define the number /ie(r) as 
The finite number 

;u(r) = min |/i£(r) | e G M, e > and k + e < - 

will be called the multiplicity of r for i(^M,ip)- When this multiplicity is strictly positive we call r a 
cornerpoint at infinity for the size function, and we identify r with the pair (k, 00). 

We denote by A* the open half-plane A"*" extended by the points at infinity of the kind (A;, 00), 
with < +00, and by A* the closed half-plane A+ extended by the same points at infinity. 

Cornerpoints and their multiplicities are fundamental tools in Size Theory, since size functions 
are completely determined by their cornerpoints and multiplicities. Indeed, we have the following 
representation theorem (cf. [FrLal]). 

Theorem 2.6. For every {x',y') € A"*^ we have 



^(M,ip){x' ,y') = ^ n{{x,y)). 



x<x',y'<y 



We recall some definitions. 



Definition 2.7. Let ^ be a size function. We call representative sequence for i any sequence of points 
(ara)neN in A* with the following properties: 

i) ao is the cornerpoint at infinity for i; 

ii) for each n > 0, either a.„ is a proper cornerpoint for i, or a„ belongs to A; 

iii) if {x,y) is a proper cornerpoint for i with multiplicity ^{x,y), then the cardinality of the set 
{n G N : a„ = {x,y)} is equal to fi{x,y); 

iv) the set of indexes for which a„ belongs to A is countably infinite. 

Now, we define a pseudometric in A* that will give rise to a distance between size functions. 
Definition 2.8. We define the function d : A* x A* — > M"*" by 

d{{x,y), {x',y')) = min|max{|x - x'\, \y - max | ^-y^, ^ ^ ^ || 

00 

where conventions regarding 00 are: 00 — y = y — 00 = 00 for y ^ 00, 00 — 00 = 0, — = 00, |oo| = 00, 
min{oo, c} = c, maxjoo, c} = 00. 

The function d is a pseudodistance on A*, it measures the smaller between the cost of moving 
{x,y) to {x',y'), and the cost of moving {x,y) and {x',y') onto the diagonal. The costs are computed 
by using the distance induced by the max-norm. 
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Definition 2.9. Let (a„) and be two representative sequences for two size functions £i and £2, 
respectively. Tlie matching distance between ii and I2 is the number 

dmatch{hJ2) ■■= inf supd(an,6<^(„)), 

n 

where n varies in N and a varies among all the bijections from N to N. 

Remark 2.10. It is easy to see that this definition is independent from the choice of the representative 
sequences of points for the size functions ii and £2- The inf and the sup in the definition of matching 
distance are actually attained, that is 

dmatchihj2) ■= minmax(i(a„,6^(„)). 

an ^ ' 

Now we recall an important result concerning a lower bound for the natural pseudodistance using 
the matching distance (cf. [dAFrLa]). 

Theorem 2.11. Let (M,ip) and (A^, ^) be two size pairs. Then 

dmatch{i(M,v/{N,^)) < ^ {{M , If) , {N , i^)) . 

3 Exotic Pseudodistance 

In this section we introduce a new family of pseudodistances associated with other seminorms. The 
fundamental property of the seminorms that we take into account is an invariance property for homeo- 
morphisms. We will see that in certain cases where the natural pseudosistance does not distinguish two 
size pairs, these new pseudodistances allow us to compare them in a sharper way, so better quantifying 
their differences (see example in Section 5). 

Let us assume that for every compact topological space M a functional Sm ■ C{M, M) — > is 
given verifying the following properties: 

i) 5a/ ((/:)) ^ for all ip £ C(M,M). 

ii) cSa/(Av9) = |A| • Sm{^) for all A G M and 99 G C(M,M). 

ill) 5a/(v3i + 992) < <Sm{v>i) +Sm{V2) for ah 931,992 G C(M,M). 

So this functional, 5jvf, is a seminorm in C(M, M). Suppose this seminorm verifies the following 
invariance property for homeomorphisms: 

iv) if A is a topological space, then Sm{'^) = Sn{^ o h~^) for all 93 G C(A/, M) and h G 7i{M, N). 
Proposition 3.1. The setting 



inf SMi^-ijoh) ifn{M,N)^%, 

h<^H{M,N) 



00 otherwise, 
defines an extended pseudodistance in Size and a pseudodistance in each equivalence class of Size/ ^ 
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Proof. Obviously 6exo{{M, if), (M, if)) = 0. 

Since Sm{^ - o /i) ^ for all /i G H(M, N), then 6exo{{M, ip), {N, ^ 0. 
The symmetry can be deduced, using ii) and iv), from the equalities 

Snif — ip o h) = Sn{^ ° — if)) = S^iip — '■p ° h~^) 

which hold for aU h G H(M, A^). 
Finally, the triangle inequality 

5exo((M,(/p),(r,C)) < <5e.o((M,(^),(iV,V^)) +5exo((iV,V'),(T,C)) 

follows from the property iii) and iv) of Sm- Indeed, for all h G 7i{M, N) and g G 'H{N, T), we have 
that: 

<Sm{^ — S, ° g ° h) = Sm{lp — Tpoh + ipoh — ^ogoh) 

< Sm{^ — Ip o h) + 5a/ (V' oh — ^ogoh) 
= Sm{^ -ipoh) + Sn{iI^ - S.°9)- 

To conclude, we note that 

h&mi,N) ^^^^^'^ -^°9°h) = ^^mf^^^SMiv - C o = 5exo((M, (T, C)) 
ge'H{N,T) 



inf (Sm{^ -iPoh)+ Sn{^ -C°9)) = 5exo((M, (iV, ^)) + 6eU{N, ij), (T, i)). 

h£'H{M,N) 
g£n(N,T) 



□ 



Definition 3.2. We shall call exotic pseudodistance associated with the family of seminorms {Sm} 
the function 

6exo '■ Size X Size — > M U {oo} 

so defined 

f inf Sm{^ -il)oh) if H(M, N) / 0, 
5e.o((M,<^),(iV,V^)) = <^^eH(M,7V) 



I oo otherwise. 



More precisely, we should denote 5exo by 5ixo as this pseudodistance depends on the family of 
seminors in question, whereby {Sm} is omitted for the sake of simplicity. 

In the remainder of this paper, if the functional Sm ■ C{M, M) — > M is defined by S m {'■p) = max ip— 
min(^, we shall denote by 5\ the exotic pseudodistance associated with this family of seminorms. 

Remark 3.3. To compare two size pairs {M , ip) , {N , ip) we can choose different reparametrization in- 
variant (semi)norms depending on the sets M and N and the properties we want to emphasize. A 
first approach has been studied in the one dimensional case in [FrLa2]. 
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4 Lower bound for the exotic pseudodistance Sa 



The computation of 6a involves all the homeomorphisms between two topological spaces, so it is 
difficult to compute. Hence we need to find a way to obtain information on the exotic pseudodistance 
in order to compare two topological spaces. In the natural case, that is, when 6{{M,{p), (Njip)) = 
inf;jg-^(j\^ jv) ™a^peA/ \^{p) — ip ° h{p)\, we use size functions to obtain information on the natural 
pseudodistance, see e.g. [DFrl]. In the exotic case we introduce the following construction. 

Let (M, ip) and {N, tp) be two size pairs. Consider the product spaces M x M and N x N, and 
the measuring functions <I> : M x M — > M and ^' : x — > E defined by ^{p, q) = (p{p) — (p{q) 
and ^(p, g) = ipip) — ipig), respectively. Let ^(mxM,*) ■ — ^ and i(NxN,^) '■ — ^ N be the 
associated size functions. 

The matching distance associated with a size function provides an easily computable lower bound 
for the natural pseudodistance (see Section 2.2). In the following we introduce our main result, 
providing a sharp lower bound for the exotic pseudodistance between two size pairs (M, cp) and (A^, ip) 
in terms of the matching distance of the product spaces (M x M, $) and (A^ x A^, ^). To do so, we 
need the next lemma. 

Lemma 4.1. Let (M, 99) and {N,i{j) be two size pairs and (M x M, <!•) and {N x N,'^) be the size 
pairs of the product spaces. We have the following inequality 

6{{M X M,^),{N X N,^)) < 5Am,ip),{N,iP)). 

Proof. Set dA = 5a ((M, ip), {N, ip)). The thesis we want to prove is that 



inf max \^(p,q) — o H(p,q)\] < dA- (1) 

H£H{MxM,NxN) \{p,q)eMxM \r- in j 

By definition of ^a, for every real number e > there is some h S 7i{M, N) such that 
dA < max((/5(p) - '4){h{p))) - min((/?(p) - \lj{h{p))) < dA + e. 

In order to prove our thesis we bound \^{p,q) — ^' o H{p,q)\ in the following way. Consider the 
homeomorphism H G H{M x M,N x N) given by -ff = {h, h). Then, for all {p,q) e M x M 

mp,q)-^oH{p,q)\ = \^{p,q)-{^o(h,h)){p,q)\ 

= \^{p)-^{q)-{i,{h{p))-i,{h{q)))\ 

= mp)-^{h{p))-{^{q)-^{h{q)))\ 

- ^^T^X'fiP) - i'iHp'))) - ('/'(p') - i^(h{p'))) 

p'€M p'eM 

<dA + e 

Therefore, for all e > 



so that 



max \^{p,q) — o H{p,q)\ < dA + e 

(p,q)€MxM 



inf max \^(p,q) — "i! o H(p,q)\ < dA + £ 

H&H{MxM,NxN) (p,q)&MxM 



for all e > 0, and (1) is proved. 

□ 
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Remark 4.2. If we consider the following subset of TC{M x M,N x N) 

K, = {{h, h) : M X M — ^ iV X iV for all /i G H(Af, N)} 
the proof of Lemma 4.1 shows that 

<5A((M,v9),(iV,^)) = inf max \^{p,q) - ^ o H{p,q)\. 

HeK. {p,g)eA/xM 

Note that this equality immediately follows from the definition 

5a((M, if), (N.ijj)) = inf (max( if — ih o h) — mm( if — ih o h)) 
heHiM,N) M ' M ' 

and the identity 

. ^n ,^*?r l'^(^) ~ i^iHp)) - (^{q) - ^iHQM = „inf max - ^ o H{p, q)\. 

h£H{M,N)MxM {H)eK.MxM 

From Lemma 4.1 we can deduce a lower bound for the exotic pseudodistance in terms of the size 
functions of the size pairs of the product spaces. 

Theorem 4.3. Let {M,ip) and (A^, ^) be two size pairs such that H{M,N) / 0. Then 

dmatch{i(MxM,'l>)J(NxN,^)) < ^ a{{M , (f) , {N , ll^)) . 

Proof. By applying Theorem 2.11 to the size pairs (M x M, ^) and (A^ x A^, we obtain 

VxJV,^)) < X Af, ^),{Nx N, ^)). 

Lemma 4.1 concludes our proof. 

□ 



5 An example 

Now we can show that the lower bound given in Theorem 4.3 for S\ helps us to calculate this exotic 
pseudodistance. Moreover, it allows us to prove that this lower bound is sharp. 

A 







1 t 

(0,2) 




2 

^ > 





1 / 





x= -2 



Figure 1: Size function of (I, sint) 



Figure 2: Size function of (7,2 sin 2i) 
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sin(x)-sin(y) 
0.5 




Figure 3: {(t, s, sint — sin s) : s,t ^ 1} 



2*sin(2*x)-2*sin(2*y) 
2 

-2 




Figure 4: {{t, s, 2 sin 2t - 2 sin 2s) : s, t G /} 
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Let (/, if) and (/, tp) be two size pairs where / = [0, vr], and ip : I — > M and ip : / — > M are defined 
as <p{t) = sint and -(/^(i) = 2sin2t, respectively. 

Let us calculate first the natural pseudodistance between the size pairs (/, sint) and (/, 2sin2t). 
In this case we have dmatchi^{i,Lp)T ^{i,^)) = 2 (see Figures 1 and 2) and Theorem 2.11 provides us with 
a lower bound for the natural pseudodistance 

2 < 6{{I,smt),{I,2sm2t)). 

For every e > 0, we can easily find an homeomorphism g : / — > I such that max^g/ | sin t—2 sin 2g{t) \ < 
2 + e. So the natural pseudodistance between (/,sint) and (/,2sin2t) is 2. 

In the product space I x / we construct two measuring functions as follows: 

$ : / X / ^ M defined as s) = sint — sins 

and 

^ : I X I defined as ^'(t, s) = 2 sin 2t - 2 sin 2s. 

Now we consider the size pairs (/ x /, <I>) and (/ x /, ^) and compute the matching distance between 
the associated size functions. First, we calculate the size functions ^(/x7,$) ^^'i ^(/x/,'1') with the help 
of Figure 3 and Figure 4. 



A V A 




x= -1 x= -4 



Figure 5: Size function of (I x /, Figure 6: Size function of (/ x I, ^) 

Set dm = dmatch{^(ixi,^)^ ^(ixi,^))- Figures 5 and 6 show that dm = 3. Applying Theorem 4.3 we 
have that dm is a lower bound for the exotic pseudodistance, 5\, between (/, sin t) and (/, 2 sin 2t), i.e. 

3<5a((/,V^),(/,V')). 

We can easily see that for every e > a homeomorphism g : / — > I exists, such that g takes the 
interval [0, vr — e) to the interval [0, ^) and the interval [vr — e, vr] to the interval [-f, vr]. 
This homeomorphism verifies the inequality 

mcOc(sint — 2sm2g{t)) — min(sint — 2sm2g{t)) =3 + 7] 

with T] a positive real number depending on e, such that lim£_>o = 0. 
Hence 5a((/, sin i), (/, 2 sin 2t)) < 3. 

Therefore by this last inequality and the one given by Theorem 4.3 we have 

(5A((/,sint),(/,2sin2t)) = 3. 
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This proves that the lower bound for 5\ given by Theorem 4.3 is sharp. 

Acknowledgements. I am very grateful to Patrizio Frosini for his essential help, useful suggestions 
and comments on the elaboration of this paper. Thanks also to Claudia Landi for the stimulating 
discussions. 
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